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In this work, a projection algorithm is considered for treating strongly continuous
semigroups of demicontinuous pseudocontractions. Theorems of strong convergence of
fixed points are established in the framework of real Hilbert spaces.
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1. Introduction
Fixed point theory, as an important branch of nonlinear analysis theory, has been applied to solve real world problems.
The study of fixed points of nonlinear mappings and its approximation algorithms constitute a topic of intensive research
interest. Many well known problems arising in various branches of science can be studied by using algorithms which
are iterative in nature. Of the iterative algorithms, the oldest and simplest one is the Picard iterative algorithm. For
a contraction mapping T , it is known that T enjoys a unique fixed point, and the sequence generated in a Picard iterative
algorithm can converge to the unique fixed point. However, for more general nonexpansive mappings, the Picard iterative
algorithm fails to converge to fixed points of nonexpansive type even if it enjoys a fixed point. Recently, implicit and explicit
Mann type iterative algorithms have been considered for the approximation of common fixed points of nonexpansive
mappings by many authors. Classical weak convergence theorems for implicit and explicit Mann type iterative algorithms
for nonexpansivemappings have been established in Xu andOri [1] and Reich [2], respectively. Notice that it does not matter
if the implicit algorithms or explicit algorithms have only weak convergence; see, for example, [3–5]. Attempts to modify
Mann type iterative algorithms so that strong convergence is guaranteed have recently beenmade; see, for example, [6–11].
In these, the Banach contractionmapping principle and the projectionmethodwhichwas first considered byHaugazeau [12]
are very popular.
In this work, a projection algorithm is considered for treating common fixed points of a family of demicontinuous
pseudocontractions. Strong convergence theorems are established in the framework of real Hilbert spaces.
2. Preliminaries
Throughout this work, we always assume that H is a real Hilbert space with inner product ⟨·, ·⟩ and norm ∥ · ∥. Assume
that C is a nonempty closed and convex subset of H . Let T : C → C be a nonlinear mapping. We use F(T ) to denote the set
of fixed points of T .
∗ Corresponding author. Tel.: +82 55 772 1429.
E-mail addresses: ooly61@yahoo.co.kr (S.Y. Cho), qxlxajh@163.com (X. Qin), smkang@gnu.ac.kr (S.M. Kang).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.10.031
S.Y. Cho et al. / Applied Mathematics Letters 25 (2012) 854–857 855
Recall that T is pseudocontractive if
⟨x− y, Tx− Ty⟩ ≤ ∥x− y∥2, ∀x, y ∈ C .
T is said to be strongly pseudocontractive if there exists a constant k ∈ (0, 1) such that
⟨x− y, Tx− Ty⟩ ≤ k∥x− y∥2, ∀x, y ∈ C .
Recall that T is demicontinuous if {xn} ⊂ C and xn → x, and then Txn ⇀ Tx, where→ and⇀ denote strong and weak
convergence, respectively.
In order to prove our main results, we also need the following lemma.
Lemma 2.1 ([13]). Let C be a nonempty closed and convex subset of H and T : C → C be a demicontinuous pseudocontractive
mapping. Then F(T ) is a closed and convex subset of C and I − T is demiclosed at zero.
3. The main results
Theorem 3.1. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let ∆ be an index set and T (t): C → C,
where t ∈ ∆, a demicontinuous pseudocontraction. Assume that F := t≥0 F(T (t)) ≠ ∅. Let {xn} be a sequence generated in
the following iterative process:
x0 ∈ H, chosen arbitrarily,
C1(t) = C, C1 =

t∈∆
C1(t), x1 = projC1x0,
yn(t) = αn(t)xn + (1− αn(t))T (t)yn(t),
Cn+1(t) = {z ∈ Cn(t): ∥yn(t)− z∥2 ≤ ∥xn − z∥2 − (1− αn(t))2∥xn − T (t)yn(t)∥2},
Cn+1 =

t∈∆
Cn+1(t),
xn+1 = projCn+1x0, ∀n ≥ 0.
(3.1)
Assume that the control sequence {αn(t)} in (0, 1) satisfies the condition lim supn→∞ αn(t) < 1 for every t ∈ ∆. Then {xn}
converges strongly to projF x0.
Proof. Define a mapping Rn(t): C → C by
Rn(t)x = αn(t)xn + (1− αn(t))T (t)x, ∀t ≥ 0, n ≥ 1.
It follows that Rn(t): C → C is a demicontinuous and strong pseudocontraction. From Lan and Wu [14, Theorem 2.2], we
see that Rn(t) has a unique fixed point. This shows that the second operator equation in (3.1) is well defined.
Next, we show that Cn is closed and convex for each n ≥ 1. It suffices to show that, for each fixed but arbitrary t ∈ ∆,
Cn(t) is closed and convex for each n ≥ 1. This can be proved by induction on n. It is obvious that C1(t) = C is closed and
convex. Assume that Cn(t) is closed and convex for some n ≥ 1. Notice that
∥yn(t)− z∥2 ≤ ∥xn − z∥2 − (1− αn(t))2∥xn − T (t)yn(t)∥2
is equivalent to
2⟨xn − yn(t), z⟩ ≤ ∥xn∥2 − ∥yn(t)∥2 − (1− αn(t))2∥xn − T (t)yn(t)∥2,
which yields that Cn+1(t) is closed and convex for each t ∈ ∆. This in turn implies that Cn = t∈∆ Cn(t) is closed and
convex.
Next, show that F ⊂ Cn. It suffices to show that F ⊂ Cn(t) for each t ∈ ∆. F ⊂ C1(t) = C is obvious. Suppose that
F ⊂ Cn(t) for some n ≥ 1. For ∀p ∈ F ⊂ Cn(t), we see that
∥yn(t)− p∥2 = αn(t)∥xn − p∥2 + (1− αn(t))∥T (t)yn(t)− p∥2 − αn(t)(1− αn(t))∥xn − T (t)yn(t)∥2
≤ αn(t)∥xn − p∥2 + (1− αn(t))
∥yn(t)− p∥2 + ∥T (t)yn(t)− yn(t)∥2
−αn(t)(1− αn(t))∥xn − T (t)yn(t)∥2
= αn(t)∥xn − p∥2 + (1− αn(t))∥yn(t)− p∥2 − αn(t)(1− αn(t))2∥xn − T (t)yn(t)∥2.
It follows that
∥yn(t)− p∥2 ≤ ∥xn − p∥2 − (1− αn(t))2∥xn − T (t)yn(t)∥2.
This shows that p ∈ Cn+1(t). This in turn implies thatF ⊂ Cn+1(t), ∀t ∈ ∆. It follows thatF ⊂ Cn. In view of xn = projCnx0,
we see that
⟨x0 − xn, xn − u⟩ ≥ 0, ∀u ∈ Cn. (3.2)
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Since F ⊂ Cn, we arrive at
⟨x0 − xn, xn − v⟩ ≥ 0, ∀v ∈ F . (3.3)
In view of Lemma 2.1, we find that F is closed and convex and so projF x0 is well defined for each x0 ∈ H . It follows from
(3.3) that
0 ≤ ⟨x0 − xn, xn − projF x0⟩≤ ⟨x0 − xn, xn − x0 + x0 − projF x0⟩
≤ −∥x0 − xn∥2 + ∥x0 − xn∥ ∥x0 − projF x0∥.
This shows that
∥x0 − xn∥ ≤ ∥x0 − projF x0∥. (3.4)
This in turn implies that {xn} is bounded. In view of the construction of Cn, we see that Cn+1 ⊂ Cn and xn+1 ∈ Cn. It follows
that
∥x0 − xn∥ ≤ ∥x0 − xn+1∥.
Since {xn} is bounded, we find that limn→∞ ∥x0 − xn∥ exists. It follows from (3.2) that
⟨x0 − xn, xn − xn+1⟩ ≥ 0.
It follows that
∥xn − xn+1∥2 = ∥xn − x0∥2 + ∥x0 − xn+1∥2 − 2⟨x0 − xn, x0 − xn+1⟩
= ∥x0 − xn+1∥2 − ∥xn − x0∥2 − ⟨x0 − xn, xn − xn+1⟩
≤ ∥x0 − xn+1∥2 − ∥xn − x0∥2.
Letting n →∞, we see that
lim
n→∞ ∥xn − xn+1∥ = 0. (3.5)
In view of xn+1 ∈ Cn+1, we see that
∥yn(t)− xn+1∥2 ≤ ∥xn − xn+1∥2 − (1− αn(t))2∥xn − T (t)yn(t)∥2.
It follows that
(1− αn(t))2∥xn − T (t)yn(t)∥2 ≤ ∥xn − xn+1∥2.
Notice that lim supn→∞ αn(t) < 1. It follows from (3.5) that limn→∞ ∥xn − T (t)yn(t)∥ = 0. On the other hand, we have
xn − yn(t) = (1− αn(t))(xn − T (t)yn(t)). This implies that
lim
n→∞ ∥xn − yn(t)∥ = 0. (3.6)
Notice that
∥yn(t)− T (t)yn(t)∥ ≤ ∥yn(t)− xn∥ + ∥xn − T (t)yn(t)∥.
It follows that
lim
n→∞ ∥yn(t)− T (t)yn(t)∥ = 0. (3.7)
Notice that {xn} and {yn(t)} are all bounded. In view of (3.6) and (3.7), we obtain from Lemma 2.1 that ∅ ≠ ωw(xn) ⊂ F ,
where ωw(x) denotes the weak ω-limit set of the sequence {xn}. In view of the weak lower semicontinuity of the norm, we
obtain from (3.4) that
∥x0 − x∥ ≤ ∥x0 − projF x0∥, ∀x ∈ ωw(xn).
Since ωw(xn) ⊂ F , we arrive at x = projF x0, which in turn implies that ωw(xn) = {projF x0}. It follows that {xn} converges
weakly to projF x0.
Next, we prove that {xn} converges strongly to projF x0. In view of the weak lower semicontinuity of the norm, we obtain
from (3.4) that
∥x0 − projF x0∥ ≤ lim infn→∞ ∥x0 − xn∥ ≤ lim supn→∞ ∥x0 − xn∥ ≤ ∥x0 − projF x0∥,
which yields that limn→∞ ∥x0 − xn∥ = ∥x0 − projF x0∥. It follows that {xn} converges strongly to projF x0. This completes
the proof. 
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For a single mapping, we obtain from Theorem 3.1 the following.
Corollary 3.2. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let T : C → C be a demicontinuous
pseudocontraction with a nonempty fixed point set. Let {xn} be a sequence generated in the following iterative process:
x0 ∈ H, chosen arbitrarily,
C = C1, x1 = projCx0,
yn = αnxn + (1− αn)Tyn,
Cn+1 = {z ∈ Cn: ∥yn − z∥2 ≤ ∥xn − z∥2 − (1− αn)2∥xn − Tyn∥2},
xn+1 = projCn+1x0, ∀n ≥ 0.
Assume that the control sequence {αn} in (0, 1) satisfies the condition lim supn→∞ αn < 1. Then {xn} converges strongly to
projF(T )x0.
Remark 3.3. In this work, the hybrid projection algorithm is considered to modify the implicit Mann type iteration for
mappings which are demicontinuously pseudocontractive. Strong convergence theorems are established in the framework
of Hilbert spaces. The highlight of this work is that the mappings are demicontinuous. However, the price is that the Mann
type iteration is implicit. It is of interest to design an explicit iteration for demicontinuous mappings.
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